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Introduction

L ARGE-EDDY simulation (LES) with the dynamic model1,2

produces good results when used in conjunctionwith spectral-
method-based solvers.3 The dynamic modeling procedure utilizes
information from the small scales of the ¯ ow® eld, which are typi-
callynotcorruptedbynumericalerrors in spectralsimulations.How-
ever, spectralmethods are usually limited to simple geometries, and
for complex con® gurations, conventional ® nite difference methods
are used. A ® fth-order one-point upwind-biased scheme has been
successfully used in well-resolved direct numerical simulations of
turbulent ¯ ows,4 and it was thought that the high resolving power
and relatively low numerical dissipation of such a scheme would
make them useful in LES of ¯ ows in complex geometries. To study
the utility of these schemes for LES, Beaudan and Moin5 employed
them in a series of simulations of ¯ ow past a circular cylinder at
Re = 3.9 £ 103 , where the Reynolds number is based on the diame-
ter D and freestreamvelocityU 1 . This is a challenging¯ ow for the
LES methodologybecause it contains features such as thin laminar
boundary layers, unsteady separation, and transitional shear layers.
The particular Reynolds number was chosen owing to the availabil-
ity of two experimental data sets. Lourenco and Shih used a par-
ticle image velocimetry technique to measure turbulence statistics
in the near-wake region including the recirculation zone. Ong and
Wallace6 used a hot-wire probe for measuring mean velocity and
stress pro® les in the downstream wake region from x/ D = 3 to 10.

Beaudanand Moin5 carried out simulationswith no subgrid-scale
(SGS) model, with a ® xed coef® cient Smagorinskymodel, and with
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the spanwiseaveragedversionof thedynamicmodel1,2 andobserved
that mean wall statistics such as drag, wall pressurecoef® cient,wall
shear stress, and separation angles were not signi® cantly different
in the three simulations and all showed reasonable agreement with
experimentaldata. The most signi® cant ® nding of these simulations
came from the comparison of the computed solution with the ex-
periments in the region downstream of the vortex formation region
(5.0 < x/ D < 10.0) where the mesh was relatively coarse. It was
found that, in this region, numerical dissipation overwhelmed the
contribution of the SGS model, and the three computed solutions
were virtually indistinguishablebeyond x/ D > 7.0. The simulation
with a seven-order scheme also showed that energy in a substantial
portion of the resolvable wave number range was damped due to
numerical dissipation, and it was concluded that these high-order
upwind-biased schemes were unsuitable for use in LES.

Analysis of the truncation error5 indicates that higher-order
upwind-biasedschemesprovidegood resolution in about two-thirds
of the wave number range, and the upper-half of the wave number
range is affected by numerical dissipation. In contrast to upwind-
biased schemes, which control aliasing errors through numerical
dissipation, in central schemes aliasing must be controlled by en-
forcing kinetic energy conservation. Such schemes do not exhibit
numerical dissipation and, therefore, there is no spurious damping
of the smaller scales. This feature makes the schemes attractive for
use in LES, and a number of complex ¯ ows have been success-
fully simulated using a second-order central difference scheme on
a staggered mesh.7,8 One disadvantage of using these schemes is
the dominance of dispersive error, which makes them extremely
sensitive to aspects such as the grid stretching factors and out¯ ow
boundary conditions. These issues apparently do not present dif® -
culties in simulationsof relativelysimple ¯ ows such as channel ¯ ow
or ¯ at plate boundary layers but are critical when simulating ¯ ows
in complexgeometries.Thus, even thoughthe central schemesseem
more attractive for LES, the advantage of these schemes over the
higher-orderupwind schemes for LES in complex ¯ ows needs to be
established, and this is the main motivation for the current study.

We have simulated ¯ ow past a circular cylinder at a Reynolds
number of 3.9 £ 103 using a solver that employs an energy-
conservativesecond-ordercentral differencescheme for spatial dis-
cretization. Detailed comparisons of turbulence statistics and en-
ergy spectra in the downstream wake region (7.0 < x/ D < 10.0)
have been made with the results of Beaudan and Moin5 and with
experiments4 to assess the impact of numerical diffusion on the
¯ ow® eld. Based on these comparisons, conclusions are drawn on
the suitability of higher-orderupwind schemes for LES in complex
geometries.

Simulation Methodology
The solver used in the current work is based on the numerical

scheme developed by Choi et al.,9 which solves the incompressible
Navier±Stokes equations in generalized coordinates on a spanwise
periodicdomain.The governingequationsare written in terms of the
volume ¯ uxes, and the in-plane (x±y plane) volume ¯ uxes and pres-
sure are discretized on a fully staggered grid using a second-order
centraldifferencescheme.The spanwisevolume¯ ux is collocatedat
the pressure node, and a Fourier spectral collocationmethod is used
in the spanwise direction. Dealiasing is performed in the spanwise
direction using a two-thirds truncation rule to make the numerical
scheme energy conservative.

A C-mesh is used for the presentsimulation.The branchcutof the
mesh is locatedalong the wake centerlineand the in¯ ow and out¯ ow
boundaries are located at 19D and 17D, respectively.Furthermore,
the vertical extent of the out¯ ow boundary is about 25D from the
wake centerline.Uniform freestreamvelocity is prescribedat the in-
¯ ow and far-® eld boundaries, and a convective boundary condition
is employed at the out¯ ow boundary to smoothly convect the distur-
bances out of the computationaldomain. The spanwise domain size
L z is chosenequal to p D, which is the same as that used by Beaudan
and Moin.5 It has been found that in LES, where the resolution is at
best marginal, central schemes can tolerate only a small streamwise
stretching factor (< 3%); higher stretching factors can lead to the
ampli® cation of grid-to-grid oscillations (2-D waves). If an O-type
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mesh similar to the one used by Beaudanand Moin5 were to be used,
the ¯ ow in the region of the separated shear layer would experience
large streamwise grid stretching as it would go from being aligned
with one family of grid lines to the other, and the ¯ ow® eld would be
contaminated with 2-D waves. This problem does not arise when a
C-mesh is used. In the downstream region of the wake where de-
tailed comparisonsbetween the simulationswill be made, both grids
are nearly Cartesian and, therefore, the grid topology is not a factor.

The solution is advanced in time using a second-order accurate,
semi-implicit fractionalstep schemewhere theconvection-diffusion
terms are advancedfollowed by the pressurecorrectionstep.9 A ver-
sion of the dynamic model suitable for application in generalized
coordinates has been used. Details of the dynamic SGS modeling
procedurecanbe foundin Refs. 1 and 2. Test ® lteringis performedin
the streamwise and spanwise directions, and the least-squaresmin-
imization approach10 is used for obtaining the model coef® cient.
Furthermore, the model coef® cient is obtained as a spanwise aver-
aged quantity, and the total viscosity is constrained to be positive
throughclippingof largenegativeeddyviscosityvalues.The current
simulation has been carried out on a 401 £ 120 £ 48 (streamwise

£ wall normal £ spanwise) mesh with a time-step size (U 1 D t / D)
of about 0.007. All statistics for the current simulation have been
averaged over about 12 shedding cycles. The data of Beaudan and
Moin5 used here are from their simulation that employed a ® fth-
order upwind-biased scheme.

Description of Results
It is found that key wall statistics (mean base pressurecoef® cient,

mean drag coef® cient, Strouhalnumber, and mean separationangle)
obtained from the current central difference-basedsimulationare in
good agreement with experiments and show less than 2% deviation
from the results of the upwind-biased simulations.11 Furthermore,
mean velocity pro® les in the near wake (x/ D < 3.0) also compare
reasonably well with the pro® les obtained from the upwind-biased
simulations.11 Inasmuch as the drag and base pressure coef® cient
depend strongly on accurate prediction of near-wake features such
as vortex rollup and formation of streamwise vortical structures,
good prediction of these quantities suggests that the development
and evolution of the vortical structures in the near wake is being
simulated reasonably accurately.

Because the ¯ ow® elds in the near wake obtained from the two
simulations are in reasonable agreement with each other, we ex-
pect that difference in the downstream portion of the ¯ ow (5.0 <
x/ D < 10.0) will be primarily due to differences in the resolution.
Thus, comparison of the statistics in the downstream portion of the
wake should allow us to compare the performance of the different
schemes. Also, based on the estimate of the Kolmogorov length
scale at these downstream locationsprovidedby Ong and Wallace,6

Beaudan and Moin5 determinedthat the ¯ ow was about three to four
times better resolved in the vertical and spanwise directionsas com-
pared to the streamwise direction in their simulations. In the current
simulation, too, the ¯ ow is better resolved in these directions, thus
allowing us to base the comparison between the two simulations
solely on the streamwise resolution.The streamwise grid spacing in
the current simulation is 20±30% smaller than Beaudan and Moin’s
between x/ D = 5 and 7. However, at x/ D = 10.0 both simula-
tionshaveroughlythe samestreamwisegridspacing.This difference
cannot be avoided because, as mentioned earlier, the grid cannot be
stretched in the streamwise directionas fast in the central difference
simulation as was done in the upwind-biased simulations.

In Fig. 1 we have plotted the one-dimensional frequency spectra
of the streamwisevelocityat two locationsin the downstreamregion
of the wake. The current solverutilizes a variable time-step size and,
therefore, the time series obtained is not evenly sampled. To obtain
the spectra from these unevenly sampled data, we have used the
Lomb periodogram with an oversampling factor of four.12 Spectra
fromboth simulationsand experiment6 are plotted togetherfor com-
parison. The streamwise grid spacing limits the highest frequency
that can be locally resolved in the simulation,and this represents the
implicit ® lter that is imposed by the grid on the ¯ ow® eld. The verti-
cal lines in the plots indicate the grid cutoffs for the two simulations.
The experimentalspectrashows abouthalf a decadeof inertial range

Fig. 1 One-dimensional streamwise velocity spectra E11 along the
wake centerline: Ð Ð , Ong and Wallace6; ± ± ± , central difference; and

² , upwind biased.5 Vertical lines indicate the grid cutoff: Ð Ð , central
difference and Ð ¢ Ð , upwind biased.5

Fig. 2 Mean velocity and Reynolds stress pro® les at two downstream
locations: 4 , Ong and Wallace6; Ð Ð , central difference; and ± ± ± ,
upwind biased.5

extending from about x / x st = 2±7. Figure 1 clearly shows that the
spectra from the current simulation match the experimental spectra
much better than the simulation of Beaudan and Moin.5 A closer
look at the spectra at the three locations obtained from the upwind-
biased simulation5 shows that only the energy in the lower 20±25%
of the resolved wave numbers matches with the experiment. On
the other hand, in the current simulation the damping at the higher
wave numbers is not as severe and spectra in the lower 40±50% of
the resolved wave number range match well with the experiment.
It might be more appropriate to compare the spectra obtained from
LES with a suitably ® ltered experimental spectra. However, there
is no straightforward way of accurately determining the grid ® lter
function, and we have chosen instead to just indicate the grid cutoff
on the spectra plot. Beaudan and Moin5 attributed the marginal per-
formance of the upwind-biased schemes in the downstream wake
region to the dominance of numerical dissipation. Thus, given the
fact that the spectra for the current simulationshow better agreement
with the experiment than Beaudan and Moin’s,5 it is reasonable to
expectthat the turbulencestatisticsobtainedfromcurrent simulation
will also be better predicted.

In Fig. 2 the mean streamwise velocity and normal stress pro® les
at these two locations are shown. We observe that the streamwise
velocity pro® les obtained from both simulations agree reasonably
well with the experiment. Furthermore, at x/ D = 7.0, the simu-
lation of Beaudan and Moin5 underpredicts the peak streamwise
normal stress, whereas the current simulation shows better agree-
ment in both the magnitudeof the peak stress and shape of the stress
pro® le. However, at x/ D = 10.0, streamwise stress pro® les from
both simulations match quite well, and both underpredict the ex-
perimental stress level. Because streamwise Reynolds stress at the
wake centerline is directly related to the area underneaththe spectra
shown in Fig. 1, it is somewhat surprisingthat the current simulation



AIAA JOURNAL, VOL. 35, NO. 8: TECHNICAL NOTES 1417

does not predict a streamwise stress level that is signi® cantly higher
than the simulation of Beaudan and Moin.5 However, this can be
explainedby noting that, for this ¯ ow, most of the contributionto the
Reynoldsstress comes from ¯ uctuationsin a narrow frequencyband
extending from about 0.5 x s t to 3.0x st , and in this frequency band,
the energy in both simulations is comparable. Thus, even though
the simulations of Beaudan and Moin5 exhibit signi® cant damping
of the higher frequencies,this does not have a signi® cant impact on
the low-order turbulence statistics.

By comparing the vertical stress pro® les at these locations, we
observe that prediction from the two simulations at x/ D = 7.0 is
quite similar. At x/ D = 10.0, the two simulations predict roughly
the same peak stress level; however, the shape of the experimental
pro® le matches the pro® le of Beaudan and Moin5 better than it does
for the current simulation.Furthermore,we have found that vertical
velocity and shear stress pro® les (not shown here) from both the
simulations are also in reasonable agreement with experiments.11

Conclusions
It is found that in the downstream portion of the wake, where the

grid is relatively coarse, the numerical dissipation inherent in the
higher-order upwind-biased schemes removes substantial energy
from roughly three-quarters of the resolved wave number range.
In the central difference simulation, because there is no numerical
dissipation, the smaller scales are more energetic. Because of this
reduction in the damping of smaller scales, we ® nd that the com-
puted power spectra agree well with the experiment up to about
half of the resolved wave number range. However, the enhanced
energy in the small scales has no signi® cant effect on the low-order
statistics, and the mean velocity and Reynolds stress pro® les in this
region obtained from the two simulations are comparable. This is
because most of the contribution to the normal stress comes from
¯ uctuations whose frequency is centered in a narrow band around
the sheddingfrequencyand change in the energy of the small scales
does not have a signi® cant effect on the magnitudesof the Reynolds
stresses. However, in applicationssuch as ¯ ow generated noise and
reactive ¯ ows, small-scale ¯ uctuationsplay a crucial role, and it is,
therefore, critical to retain the energy in the small scales. In such
applications,energy conservativeschemeswould be preferableover
upwind schemes. We also ® nd that with about 20±30% smaller grid
spacing, the second-order central difference scheme gives results
that are comparable to those obtained by the high-order upwind
biased schemes. The higher-order upwind based solver is more ex-
pensiveon a per-pointbasis than the second-ordercentraldifference
solver, and this partially offsets the additional cost of the increased
resolution required by the second-ordermethod. A drawback of the
second-order central scheme is that the simulations are sensitive to
numerical factors such as grid discontinuities and out¯ ow bound-
ary conditions and, thus, grids and boundary conditions have to be
designed with extreme care.
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Nomenclature
d = amplitude of shaft whirl motion eccentricity
E, F, G = ¯ ux vectors in x, y, and z coordinate directions,

respectively
Fn = shaft normal force, Fy y(t ) + Fzz(t )
Ft = shaft tangential force, Fy z(t) ¡ Fz y(t )
Fy , Fz = shaft ¯ uid pressure forces in y and z directions,

respectively
k = turbulence kinetic energy
p = static pressure
Q = vector of ¯ ow variables
S = vector of momentum equation source terms
t = time
U = vector of velocity variables
u, v , w = Cartesian velocity components in the x , y, and z

coordinate directions, respectively
x , y, z = Cartesian coordinates
xt , yt , zt = mesh speed (partial differentiationof position

with respect to time)
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